It is shown that the expansion methods developed in refs.
I. INTRODUCTION
Let G(M) = G(S 1 ) = Map(S 1 ; G) be, the group of smooth mappings (loops) z −→ g(z)
of the circle S 1 = {z ∈ C/ |z| = 1} into a simple, compact and connected finite-dimensional Lie group G. The group structure is defined by the pointwise multiplication of functions (g´g) (z) = g´(z)g(z). Map(S 1 ; G) is an infinite-dimensional group, the loop group LG, the elements of which can be represented by [2] , [3] g(z) = e α a (z)Ta , a = 1, · · ·, r = dim G
where T a = −T † a are the generators of the finite-dimensional Lie algebra G, [T a , T b ] = f c ab T c . For elements near the identity,
Making a Laurent expansion of α a (z) on the circle
expression (2) On the other hand, if {ω a (g)}, a = 1, ..., r = dimG, is the basis determined by the (dual, left-invariant) Maurer-Cartan one-forms on G; then, the Maurer-Cartan equations that characterize G, in a way dual to its Lie bracket description, are given by dω c = −
In direct analogy we can say that if {ω a,n }, i = 1, ..., r = dimG, n ∈ Z is the basis determined by the (dual, left-invariant) Maurer-Cartan one-forms on LG; then, the corresponding Maurer-Cartan equations that characterize the algebra G, are given by
The purpose of this paper is to generalize the expansion procedures developed in ref. [1] so that it permits to study the expansion of the algebras of loops when both the compact finite-dimensional algebra G and the loop algebra (which is an infinite-dimensional algebra
This article is organized as follow: In section II we consider the rescaling of the group parameters. In section III we study (i) the expansion of the loop algebras when the compact finite-dimensional algebra G has a decomposition into two subspaces G =V 0 ⊕ V 1
(ii) the conditions under which the expanded algebra closes (iii) the closure of the expanded algebra when V 0 is a subalgebra. In section IV we study the expansion of the loop algebra (which is an infinite-dimensional algebra G), where this algebra G admits a decomposition G
coset is considered in section V. Section V I concludes the work with a brief comment.
II. RESCALING OF THE GROUP PARAMETERS AND THE EXPANSION

PROCEDURE
Let
LG be the loop group, of local coordinates g a (z), a = 1, ..., r = dimG. Let G be its algebra of basis {T n a } , which may be realized by left-invariant generators T n a (g) on the group manifold. Let G * be the coalgebra, and let {ω a,n (g)}, i = 1, ..., r = dimG, n ∈ Z, be the basis (dual, i.e., 
Let θ be the left-invariant canonical form on LG,
one obtains, for A ≡ g a,n T a,n , the expansion of θ(g) as polynomials in the group coordinates g a,n :
expression that can be rewritten as
From (18) we can see that the rescaling of some coordinates g i,α
will generate an expansion of Maurer-Cartan 1-forms ω i,n (g, λ) as a sum of 1-forms ω i,n (g) on LG multiplied by the corresponding powers of λ α of λ. This means that the expansion (18) exists and can be expressed as
It should be noted that in the case n = 0 and n 1 = n 2 = · · ·· = n β+1 = 0 the equation (18) takes the form
That is, the equation (18) reduces to the equation (2.5) of ref. [1] .
III. EXPANSION OF LOOP ALGEBRAS
In this section we consider the expansion of the loop algebras G when the compact finite-dimensional algebra G has a decomposition into two subspaces G =V 0 ⊕ V 1 (ii) and we study the conditions under which the expanded algebra closes. The case when V 0 is a subalgebra is also analized.
We consider the splitting of G * into the sum of two vector subspaces
V * 0 , V * 1 being generated by the Maurer-Cartan forms ω a 0 ,n (g), ω a 1 ,n (g) of G * with indices corresponding, respectively, to the unmodified and modified parameters,
In general, the series of
where ω ap,n (g, 1) = ω ap,n (g) .
With the above notation, the Maurer-Cartan equations (6) for G can be rewritten as
where a p , b q = 1, ..., dim V 0 (dim V 1 ) ; l, n, m ∈ Z and where
Introducing into the Maurer-Cartan (25) we have 
where p, q, s = 0, 1;
We can rewrite (31) in the form
(ap,n;β) (bq,m;γ) ω ap,n;β ω bq,m;γ 
The conditions under which these forms generate new algebras are found by demanding that the algebra generated by eq. (35) is closed under the exterior derivative d and that the Jacobi identities for the new algebra are satisfied.
In fact, to find the conditions under which the algebra is closed, we write: 
On the other hand, the 1-forms ω b 0 ,m;N 1 and ω a 0 ,n;N 1 , corresponding to the terms identified by the symbols (v), (vi), (vii) and (viii) in the equación (38), belong to the base (35) if and only if
From (39-40) it follows trivially that the conditions under which the expanded algebra closes 
Using (44) in the expansion
we find that under the rescaling
the expansion of ω a,0 (g, λ) (ω a,n (g, λ) with n = 0) starts with the power λ 0 (λ 1 ). In fact, for ω a,0 (g) we have 
which implies that under the rescaling g a,0 → g a,0 , g a,n → λg a,n (n = 0),
while for ω a,l (g), with l = 0, we have
Therefore the expansion of ω a,l (g, λ) starts with the power λ
However, for computation purposes it is better to spread the sum from zero and assume that ω a,n;0 = 0 for n = 0. Thus we have that Eqs. (48-50) can be summarized as: 
Consider the form of equations (53).
For α = 0 we find:
but ω a,n;0 = 0 for n = 0, we have From the first equation we can see a non-trivial result: while for a finite-dimensional Lie algebra G (0) = G, for the loop algebra G (0) = G but G (0) = G where G is the compact Lie algebra.
It is possible to consider the infinite-dimensional algebra as G=V 0 ⊕ V 1 where V 0 is generated by the infinite set of generators given by
and where V 1 is generated by
From the commutation relation
we clearly see that the condition for a symmetric coset is to satisfy:
It is therefore interesting to study the expansion of the infinite-dimensional algebra expanded with this choice of V 0 and V 1 . For convenience we distinguish the generators T a,n where the index n is even from the case when the index is odd. The most natural choice is to use a subscript zero (one), n 0 (n 1 ) , for even values (odd). Thus (62-64) take the form:
From where we see that the conditions of symmetric cosets for the structure constants are given by
The idea is: (a) to find the expansions of ω i,n 0 (g, λ) and ω i,n 1 (g, λ) ; (b) to replace the expansions in the Maurer-Cartan equations and (c) to find the conditions under which are generated new algebras.
To find the expansions of ω a,n 0 (g, λ) and ω a,n 1 (g, λ) we must study the general expansion of ω a,n 0 (g) and ω a,n 1 (g) in terms of the coordinates and then analyze the behavior under the following rescaling:
n 0 = ..., −4, −2, 0, 2, 4, ...
For ω a,n 0 (g) we find ω a,n 0 (g) = δ Analyzing higher order terms we find that if you rescale the parameters as in (70), then ω a,n 0 (g, λ) contains only even powers of λ. The proof is a direct generalization of the procedure used in ref. [1] . For this it is useful to write the condition (69) as f c,ls a,np b,mq = 0, for s = (p + q) mod 2.
Performing the same procedure for ω a,n 1 (g, λ) we find that appear in the expansion only odd powers of λ. Thus we have Performing the same procedure developed in ref. [1] , we find that the expanded algebra Now we consider some examples:
